In this work, the analytical solutions of the D-dimensional Schrödinger equation are studied in great detail for the Wood-Saxon potential by taking advantage of the Pekeris approximation.
I. INTRODUCTION
An analytical solution of the radial Schrödinger equation with a physical potential is of paramount importance in nonrelativistic quantum physics since the wave function and its associated eigenvalues contain all necessary information for full description of a quantum system. Along the years, there was a huge amount of research effort to solve exactly the radial Schrödinger equation for all values of n r and l quantum numbers, but it could only be possible for a few specific potentials. In this way, there are several established analytical methods, including Polynomial solution [1] [2] [3] , Nikiforov -Uvarov method (NU) [4] , Supersymmetric quantum mechanics method (SUSYQM) [5, 6] , and Asymptotic iteration method (AIM) [7] [8] [9] [10] [11] [12] [13] , to solve the radial Schrödinger equation exactly or quasi-exactly for l = 0 within these potentials. G.Levai et al. suggested a simple method for the proposed potentials for which the Schrödinger equation can be solved exactly with special functions [14] and presented relationship between the introduced formalism and SUSYQM [5] . Furthermore, in order to solve the Schrödinger equation applicable to problems of nonperturbative nature, P.Amore et al. introduced a novel method [15] . Thus, this method was applied to calculate the energies and wave functions of the ground and first excited state of the quantum anharmonic potential. It is well known that the Woods-Saxon potential [16] which we consider in the present work is one of the most realistic short-range potentials in physics. This potential plays a vital role in many branches of physics such as nuclear and particle, atomic, condensed matter, molecular and chemical physics. In fact, this potential cannot be solved exactly without using any approximation for l = 0 yet. However, S.Flügge gave an exact expression for the wave function and suggested a graphical method for the energy eigenvalues at l = 0 [3] .
In recent years, the NU [4] and SUSYQM [5, 6] methods with various approximations have been proposed for solving the Schrödinger equation analytically. Many papers show the power and simplicity of both of these methods in solving central and noncentral potentials [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The NU method is based on solving the second-order linear differential equation by reducing to a generalized equation of hypergeometric-type which is a secondorder type homogeneous differential equation with polynomials coefficients of degree not exceeding the corresponding order of differentiation, and SUSYQM method allows one to determine eigenstates of known analytically solvable potentials using algebraic operator for-malism without ever having to solve the Schrödinger differential equation by standard series technique. Hence it would be interesting and important to solve the nonrelativistic radial Schrödinger equation for Woods-Saxon potential for l = 0, since it has been extensively utilized to describe the bound and continuum states of the interacting systems. In this way, one can need to obtain the energy eigenvalues and corresponding eigenfunctions of the one particle problem within this potential. The NU method was used by C.Berkdemir et al. [28] solved the radial Schrödinger equation for the generalized Woods-Saxon potential for l = 0.
However, in this work, the authors made errors in application of the NU method, and these errors have led to incorrect results [29] . In the following works [30] [31] [32] [33] [34] , authors made similar errors in application of the NU and AIM methods.
In our previous works [17] [18] [19] [20] , for the first time, we have given the comprehensive information of how to obtain analytically the exact energy eigenvalues and the corresponding wave functions of the radial Schrödinger and the radial Klein-Gordon equations with WoodsSaxon potential via NU method. In these works, the below approximation scheme -the Pekeris approximation [35] -was proposed for V l (r) = 2l (l+1) 2µr 2 the centrifugal potential in any arbitrary l state:
where C 0 , C 1 , C 2 quantities dependent on R 0 , a specific potential parameters were defined by comparing both sides of Eq.(1.1) expression expanding in the Taylor series around the point r = R 0 . Furthermore, the D-dimensional Schrödinger equation with Woods-Saxon potential was solved within the context of the NU, AIM, and SUSYQM methods through the Pekeris approximation to the centrifugal potential, and the energy eigenvalues and corresponding radial wave functions are found for any arbitrary state as well [27] .
In this study, the exact nonzero angular momentum solutions to D-dimensional
Schrödinger equation with Woods-Saxon potential are presented within the context of the NU and SUSYQM methods. Since a nucleon in the interior of the nucleus feels a different potential than that near the surface of the nucleus, the study is extended there by using a new improved approximate scheme to deal with the centrifugal term, i.e., the Pekeris approximation is applied to the centrifugal potential V l (r) based on the settings C 0 , C 1 , C 2 quantities which are determined around the point r = r min of the effective l dependent potential V ef f (r). Thus, the best part of this research work is that the same expressions are obtained for the energy eigenvalues and corresponding eigenfunctions in various values of n r and l quantum numbers by taking advantage of the NU and SUSYQM methods.
This paper is structured as follows: After this introduction, the detailed description of the D-dimensional SE with the Woods-Saxon potential is given in Section II. Then in Section III, the impletemetion of NU method to D-dimensional SE is stated. In Section IV, the application of SUSYQM method to D-dimensional SE is presented. Next, the results and discussion are presented in Section V. Finally, the paper is concluded with brief summary in Section VI. Appendies A and B contain an overview of NU and SUSYQM methods respectively.
II. THE D-DIMENSIONAL SCHRÖDINGER EQUATION WITH THE WOODS-SAXON POTENTIALS
Woods and Saxon proposed a potential to describe the distribution of 20 MeV protons on the heavy nuclei, such as platinum or nickel [16] . The spherical Woods-Saxon potential that was widely used to study the nuclear structure within the shell model has received significant attention in nuclear mean field model. The spherical standard Woods-Saxon potential [16] is defined by
This potential was also considered for description of interaction of a neutron with a heavy nucleus. The parameter R 0 represents the width of the nuclear radius; the parameter a characterizes thickness of the superficial layer inside which the potential falls from value V = 0 outside of a nucleus up to value V = −V 0 inside a nucleus. At a = 0, one gets the simple potential well with jump of potential on the surface of a nucleus.
Using D-dimensional (D ≥ 2) polar coordinates with polar variable r (hyperradius) and angular variables r, θ 1 , θ 2 , . . . , θ D−2 , φ (hyperangles), the Laplasian operator in polar 
where µ is the reduced mass, is the Planck's constant and
The Laplasian operator divides into a hyper-radial part r
and an angular part
whereL D is the grand orbital angular momentum operator. The eigenfunctions ofL
where l is the angular momentum quantum number. 
Introducing a new function u nrl (r) = r 
where V ef f (r) is effective potential, i.e.
(2.10) Equation (2.9) has the same form as the equation for a particle in one dimension, except for two important differences. First, there is a repulsive effective potential proportional to the eigenvalue of 2l (l +1). Second, the radial function must satisfy the boundary conditions u(0) = 0 and u(∞) = 0.
It is well-known that the Schrödinger equation cannot be solved exactly for this potential at the value l = 0 by using the standard methods as SUSY and NU. From Eq.(2.10), it is seen that the effective potential is combination of the exponential and inverse square potentials which cannot be solved analytically. That is why, in order to solve this problem we can take the most widely used and convenient for our purposes Pekeris approximation.
This approximation is based on the expansion the series for exponential cases depending on the internuclear distance of the centrifugal barrier, and there the terms up to second-order are considering.
After introducing the new variable x = r−R 0 R 0 or r = R 0 (1 + x), the effective Woods-Saxon potential as following form:
where α =
. The extreme point of the effective potential V ef f (r) is defined by the following equation
Since the solution of Eq.(2.12) depends on orbital l quantum numbers, x = x min = x l (r = r min = r l ).
Let us expand centrifugal potential V l (r) in Taylor series around the point of x = x l (r = r l ) satisfied the transcendent Eq. (2.12):
According to the Pekeris approximation, V l (r) takes the form [17] [18] [19] [20] 
(2.14)
Let us expand the potentialṼ l (r) in the Taylor series around the point of x = x l (r = r l ) :
In order to define the constants C 0 , C 1 and C 2 , we compare the compatible degrees of same order of x in Eqs.(2.13) and (2.15) , and obtain the following algebraic system equations:
From the solution of Eq.(2.16) algebraic system equations, for C 0 , C 1 and C 2 constants, we get the following relations:
.
(2.17)
After Pekeris approximation, the effective potential as the following form:
where
If we consider x l = 0 in Eq.(2.17) relations, the constants C 0 , C 1 and C 2 can be written in a closed form as [17] [18] [19] [20] :
According to Eq.(2.12), Eq.(2.19) as the following form: , we obtain
We use the following dimensionless notations
we obtain
with real ε > 0 (E < 0) for bound states; β and γ are real and positive.
III. SOLUTION OF THE D-DIMENSIONAL SCHRÖDINGER EQUATION BY NIKIFOROV-UVAROV METHOD
According to the NU-method from Eqs.(A.1) and (2.24), we obtain
and the new function π(z) is
The constant parameter k can be found employing the condition that the expression under the square root has a double zero, i.e., its discriminant is equal to zero. So, there are two possible functions for each k
According to the NU-method, from the four possible forms of the polynomial π(z) we select the one for which the function τ (z) has the negative derivative and root lies in the interval (0, 1). Therefore, the appropriate functions π(z) and τ (z) have the following forms
and
An alternative definition of λ nr (Eq.(A.9)) is
Having compared Eq.(3.7) with Eq.(3.8)
Here 12) and n r is the radial quantum number (n r = 0, 1, 2, ...). From Eq.(3.11), we find
From the bound states −V 0 < E < 0 and finite wavefunction, we get ε > 0 and
According to Eqs.(3.12) and (2.12) this relations can be recast into the form:
14)
Substituting the values of ε, β, γ and n ′ into Eq.(3.13), one can find energy eigenvalues For very large V 0 , the l-dependent effective potential has the same form as the potential with l = 0. When D = 3, from Eq.(3.14) is seen that if l = 0, then one gets n r < 0.
Hence, the Schrödinger equation for the standard Woods-Saxon potential with zero angular momentum has no bound states. According to Eq.(3.16) the energy eigenvalues depend on the depth of the potential V 0 , the width of the potential R 0 , the thickness a surface and D parameter. Any energy eigenvalue must not be less than −V 0 , i.e., −V 0 < E < 0. If constraints imposed on n r , V 0 and E satisfied, the bound states appear. From Eq.(3.15) is seen that the potential depth increases when the parameter a increases, but the parameter R 0 is decreasing for given l quantum number and vice versa. Therefore, one can say that the bound states exist within this potential.
In addition, we have seen that there are some restrictions on the potential parameters for the bound state solutions within the framework of quantum mechanics. Hence, when the values of the parameters n r , V 0 and energy eigenvalues E satisfy the conditions in Eqs.(3.14), (3.15) and −V 0 < E < 0 respectively, we obtain the bound states. We also point out that the exact results obtained for the standard Woods-Saxon potential may have some interesting applications for studying different quantum mechanical and nuclear scattering problems.
Consequently, the found wave functions are physical ones. 
It is easy to find the second part of the wave function from the definition of weight function
and substituting into Rodrigues relation Eq.(A.5), we get 19) where B nr is the normalization constant and its value is 1 nr! [37] . Then, y nr is given by the Jacobi polynomials
The corresponding u nrl (z) radial wave functions are found as: 20) where C nrl is the normalization constant determined by using the following orthogonality relation: where N is normalized constant and W (r) is superpotential. The connection between the supersymmetric partner potentials V 1 (r) and V 2 (r) of the superpotential W (r) is as follows [5] :
The particular solution of the Riccati equation Eq.(4.2) searches the following form: A must be less than zero, and B must be greater than zero for the radial u 0 (r) wave function satisfy the boundary conditions u 0 (0) = 0 and u 0 (∞) = 0. Under this circumstance, Eqs.(4.5) are as follows:
. Having inserted Eq.(4.3) into Eq.(4.2), for supersymmetric partner potentials, we obtain: 
Two partner potentials V 1 ( r) and V 2 ( r) which differ from each other with additive constants and have the same functional form are called invariant potentials [38, 39] . Thus, for the partner potentials V 1 ( r) and V 2 ( r) given with Eqs.(4.10) and (4.11), the invariant forms are:
14) Furthermore, it can be clearly seen from Table I and Fig.1 that when the value of quantum number l increases, the value of r l continues be closer the width of the nuclear radius R 0 , and when l = 7, the value of r l is greater than the width of the nuclear radius R 0 . Namely, the reason why there are no bound states in system for the quantum numbers 5 ≤ l ≤ 7 could be due to the centrifugal potential expanding in the series around the surface of the nucleus.
This fact is also confirmed by the result of Refs. [17] [18] [19] [20] i.e., there are no bound states of system near the surface of the nucleus. In addition, the general behavior of normalization wave function for 1 ≤ l ≤ 4 by a comparison with it for 5 ≤ l ≤ 7 as shown in Fig.2 is very different. This alteration happened after l = 4 which can be also related to the lack of bound states in system for 5 ≤ l ≤ 7.
When D = 4, the calculated energies of the bound states and normalized wavefunction in the different n r and l values are presented in Table 2 . It is seen from Table 2 , there are bound states in system for n r = 0 and 1 ≤ l ≤ 3. Hence, Eqs.(3.14) and (3.15) are satisfied for not only l = 0 and 4 ≤ l ≤ 6 in n r ≥ 0, but also 1 ≤ l ≤ 3 in n r ≥ 1. However, the energy eigenvalues do not satisfy the inequality −V 0 ≤ E < 0. It means that there are not the bound states in system for the mentioned n r radial and l orbital quantum numbers. It should be noted that when l ≥ 7 , there is no solution in transcendental equation.
It seen from Table 1 and Table 2 , the energy of the bound states increases with increasing of D in the fixed same values of n r and l, i.e., E
01 > E
01 , E
02 > E
02 , E
03 > E
03 . It means that the repulsive force appears in system owing to the additional centrifugal potential
2µr 2 . Therefore, in order to compensate this potential the energy of the bound state must increase [2, 41] . Note that when D = 3 and D = 4, there are not the bound states in system for n r = 0, l = 0. Nevertheless, when D = 5, there are the bound states in system for n r = 0, l = 0 and its enegies is E (5) 00 = −42.8980454MeV . Thus, the reason why there are not the bound states in system for n r = 0, l = 0 when D = 3 and D = 4 is related with the standard Woods-Saxon potential cannot describe the system fully. As a way out of this, the modified version of the standard Woods-Saxon potential such as the generalized Woods-Saxon potential and the spin and pseudospin symmetries in the standard WoodsSaxon potential can be utilized for solving the problem. Spin and pseudospin symmetries are symmetries of the Dirak Hamiltonian. Thus, pseudospin symmetry was discussed firstly in non-relativistic framework [42, 43] , then in relativistic mean field theory. Comprehensive discussed in the Refs. [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] spin and pseudospin symmetries will be utilized for my further studies.
VI. CONCLUSION
To conclude, an analytical study of the D-dimensional space Schrödinger equation have been performed for Woods-Saxon potential using the improved approximation scheme to the centrifugal term for arbitrary l-states. There the energy eigenvalues of the bound states and corresponding eigenfunctions have been analytically found via both of NU and SUSYQM methods within the Pekeris approximation. The same expressions were obtained for the energy eigenvalues, and the expression of radial wavefunctions transformed each other was also shown by using these methods. The energy eigenvalues depending on V 0 , R 0 , a and D parameters have a finite number energy spectrum for standard Wood-Saxon potential, so it puts some restrictions on the potential parameters during the solution of related cases within the framework of quantum mechanics. In this way, if the potential parameters V 0 , n r and energy eigenvalues E satisfy the conditions in Eqs.(3.14), (3.15) and −V 0 < E < 0 respectively, it means there are bound states in system. It should be noted that the same limiting conditions were obtained for V 0 and n r thanks to both methods. Since there is the practical interest for the energy spectrum in various potentials, investigating the features of eigenvalues is very important and actual with regard to arbitrary parameter of system. For illustration, the bound states energies of 56 F e nucleus have been calculated and analyzed for some l and n r values. The qualitative results of this study are expected to enable new possibilities for pure theoretical and experimental physicists, because the results are exact and more general. 
where σ(z) andσ(z) are polynomials at most second-degree, andτ (z) is a first-degree polynomial.
By using in Eq.(A.1) the transformation
one reduces it to the hypergeometric-type equation
The function Φ(z) is defined as the logarithmic derivative [4]
where σ(z) is at most the first-degree polynomial.
The another part of ψ(z), namely y(z) is the hypergeometric-type function, that for fixed n is given by the Rodriguez relation
where B n is the normalization constant and the weight function ρ(z) must satisfy the con-
For accomplishment of the conditions imposed on function ρ(z) the classical orthogonal polynomials, it is necessary, that polynomial τ (z) becomes equal to zero in some point of an interval (a, b) and derivative of this polynomial for this interval at σ(z) > 0 will be negative,
The function π(z) and the parameter λ required for this method are defined as follows [4] π(z) =
On the other hand, in order to find the value of k, the expression under the square root must be the square of a polynomial. This is possible only if its discriminant is zero. Thus, the new eigenvalue equation for the Schrödinger equation becomes [4] 
After the comparison of Eq.(A.8) with Eq.(A.9), we obtain the energy eigenvalues.
APPENDIX B. Supersymmetric Quantum Mechanics
SUSYQM for N = 2, we have two nilpotent operators, Q and Q + , satisfying the following algebra:
where H is the supersymmetric Hamiltonian, Q = 
so that
This allows a global reconstruction of the potential V (x) from the knowledge of its ground state wave function which has no nodes. Once we realize this, it is now very simple to factorize the Hamiltonian using the following ansatz [5] : In this way, it is clear that if the original Hamiltonian H 1 has p ≥ 1 bound states with eigenvalues E
n , and eigenfunctions ψ n of the hierarchy of (p − 1) Hamiltonians H 2 , H 3 , ..., H p .
